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Abstract 

The paper is devoted to study the .ff-function defined by the Mellin-Barnes integral 



where the function !K™'™(s) is a certain ratio of products of Gamma functions with the 
argument s and the contour £ is specially chosen. The conditions for the existence of 
H™'q(z) are discussed and explicit power and power- logarithmic series expansions of 
H™q n (z) near zero and infinity are given. The obtained results define more precisely 
the known results. 
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1. Introduction 



This paper deals with the if-function H^ n (z) introduced by Pincherle in 1888 (see [3, 
Section 1.19]). Interest in this function appeared in 1961, when Fox [4] investigated such 
a function as symmetrical Fourier kernel. Therefore, the if-function is often called Fox's 
if-function. For integers m, n,p, q such that 

^ m ^ q,0 ^ n ^ p and at, bj G C and c^, [3j G R+ = (0, oo) (1 ;S i ^ p, 1 ^ j ^ q) the 
function is denned by the Mellin-Barnes integral 
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where 



(1.2) 



J] r(bj + p jS ) n r(i - at - a iS ) 

3=1 i=l 

f[ r( ai + a iS ) f[ r(i -bj-Pjs) 

i=n+l j=m+l 



the contour £ is specially chosen and an empty product, if it occurs, is taken to be one. 
The theory of this function may be found in [10], [2], [1], [9, Chapter 2], [12, Chapter 1] and 
[11, Section 8.3]. We only indicate that most of the elementary and special functions are 
particular cases of the if-function H^ n (z). In particular, if a's and /3's are equal to 1, the 
^/-function (1.1) reduces to Meijer's G-function G^ l '"(z). 

The conditions of the existence of the iJ-function can be made by inspecting the conver- 
gence of the integral (1.1), which depend on the selection of the contour £ and the relations 
between parameters a^ai (i = 1, •••,£>) and bj,/3j (j = 1, •••,<?). Especially, the relations 
may depend on the numbers A, 5 and ji defined by 

(1.3) A = £ft-E«i, 

3=1 i=l 



(i.4) ^nc'ii^ 



3=1 



V 



;i.5) ^ = J2 b J -J2 a i + 



p-q 



i=i 



Such a selection of £ and the relations on parameters are indicated in the handbook [11, 
Section 8.3.1], but some of the results there needs correction. In this paper we would like to 
give such a correction in the following cases: 

(a) A ^ and the contour £ = £_oo in (1-1) runs from — oo + i<pi to — oo + i(p2, <fi < 
y? 2 , such that the poles of T(bj + (3j.s) (j = 1, • • • ,m) lie on the left of £_oo and those of 
T(l — Oj — ctjs) (i — 1, • • • , n) on the right of £_oo. 

(b) A ^ and the contour £ = £ +00 in (1.1) runs from +oo + iipi to +oo + i(p 2 , <fi < 
if2, such that the poles of F(bj + f3js) (j = 1, • • • ,m) lie on the left of £ +00 and thoes of 
T(l — a-i — otjs) (i — 1, • • • , n) on the right of £ +00 . 

Our results are based on the asymptotic behavior of the function < K™'™(s) given in (1.2) at 
infinity. Using the behavior and following [1], we give the series representation of H^ n (z) via 
residues of the integrand 3{™'™(s)z~ s . In this way we simplify the proof of Theorem 1 in [1] 
by applying the former results to find the explicit series expansions of H™' n (z). Such power 
expansions, as corollaries of the results from [1], were indicated in [12, Chapter 2.2] (see also 
[11, Section 8.3.1]), provided that the poles of Gamma-functions T(bj + f3js) (j = 1, • • • ,m) 
and T(l — di — ais) (i — 1, • • • , n) do not coincide 

(1.6) Pj(ai — 1 — k)^ a,i(bj + I) (i = l,---,n; j = l,---,m; k, I e N = {0, 1, 2, • • •}) 
in the cases: 
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(c) A > with z 7^ or A = with < \z\ < 5, and the poles of Gamma- functions 
F(bj + fas) (j — 1, • • • , m) are simple: 

(1.7) Pjik + k) ^ Pi(bj + l), (i^j,i,j = l,>--,m;k,leN ); 

(d) A < with z 7^ or A = with \z\ > 5, and the poles of Gamma-functions 
T(l — a-i — Oiis) (i — 1, • • • , n) are simple: 

(1.8) otj{l - di + k) ^ a;(l - a,j + I), (i ^ j, i,j = l,---,n; k, I G N ). 

When the poles of Gamma-functions in (c) and (d) coincide, explicit series expansions 
of H™^ n (z) should be more complicated power- logarithmic expansions. Such expansions in 
particular cases of the Meijer's G-functions Gq p and G p p ,0 p and of the if-functions and 
HP'® were given in [7] and [8], respectively. 

We obtain the explicit expansions of the iJ-function of general form Hl Tl ^ l {z) under the 
conditions in (1.6). We show that, if the poles of the Gamma-functions T(bj + f3js) (j = 
1, • • • , m) and T(l — a, — c^s) (i = 1, • • • , n) coincide in the cases (c) and (d), respectively, 
then the ^/-function (1.1) has power-logarithmic series expansions. In particular, we give 
the asymptotic expansions of H™£ l (z) near zero. We note that the obtained results will be 
different in the cases when either A ^ or A ^ 0. 

The paper is organized as follows. Section 2 is devoted to the conditions of the existence 
of the if-function (1.1) which are based on the asymptotic behavior of 3~C™g"(s) at infinity. 
Here we also give the representations of (1.1) via the residues of the integrand. The latter 
result is applied in Sections 3 and 4 to obtain the explicit power and power-logarithmic series 
expansions of H™^ n (z) and, in particular, its asymptotic estimates near zero. 



2. Existence and Representations of H^ n (z) 

First we give the asymptotic estimate of Gamma function T(z), z = x + iy, [3, Chapter 
1] at infinity on lines parallel to the coordinate axes. 

Lemma 1. Let z = x + iy with x,y G K = (— oo, oo). Then the following asymptotic 
estimates at infinity are valid: 

(2.1) \T(x + iy)\~ V^lxf-^e-*-^ 1 -^^ 2 (\x\ -> oo; y^O if x < 0) 
and 

(2.2) \T(x + iy)\~ V2^\y\ x - 1/2 e' x -^ /2 {\y\ -> oo). 
Proof. Applying the Stirling formula [3, 1.18(2)] 

(2.3) Y{z) ~ V2^e {z - 1/2)logz e' z (\z\ -> oo; | arg(z)| < vr), 
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we have 

(2.4) \F(x + iy)\ ~ V2tt e ( x ^v-V 2 )\\^\ x ^v\^ ai &(. x + i v)\ e -(. x + i v) 

~ v^lrr + iy^-Vae-x-i/aigCx+iy) ^ + - y | ^ (X) . y ^ if x ^ 0). 

Let y G K. be fixed and |x| — > oo. Then \x + iy| ~ \x\, and arg(x + iy) — > as x — > +oo 
and arg(x + iy) — > 7r as x — > — oo. Therefore, (2.4) implies 

(2.5) |r(x + iy)| ~ v^M*- 17 ^ - * (x -> +oo) 
and 

(2.6) |r(x + zy)| ~ v^lxl^V^ (x -> -oo; y ^ 0), 
which yield (2.1). 

Turning to the case x G K being fixed and |y| — > oo, we find |x + iy| ~ |y| and 
arg(x + iy) — > 7r/2 as y — > oo and arg(x + iy) — > — 7r/2 as y — > — oo. Thus (2.4) im- 
plies (2.2). 

Remark 1. The relation [3, (1.18.6)] needs correction with addition of the multiplier 
e x in the left hand side and it must be replaced by 

(2.7) lim \F{x + iy)\e x+n M /2 \y\ 1/2 - x = v^tt. 

\y\-*oo 



Next assertion gives the asymptotic behavior of "K^'™(s) defined in (1.2) at infinity on 
lines parallel to the real axis. 

Lemma 2. Let A, 5 and \x he given by (1.3) to (1.5) and let t, a G ffiL Then there hold 
the estimates 

/ p \ -At 

(2.8) K' q n (t + ia)\~A (-) 5H ReM (t -> +oo) 
with 

9 n 

IT [(/3 j ) Rc(bi) " 1/2 e" Re(fej) ] JJ gT^i+Moi)] 

(2.9) A = ( 27r ) m +™-(p+<?)/V- m ~ n ^- 



and 



p g 

j[ \( ai ) Re( - ai) ~ 1/2 e~ Re ( ai) ] Yi e 7r[CT/3j+Im(bj)1 

j=l j'=m+l 



/ p \ A l*l 

(2.10) \M£?(t + ia)\ ~ 5 ( — J 5-1*1 |t| Re W (t -> -oo) 
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with 

q r P 

IT [(/3j) Re(6j)_1/2 e _Refe) ] f[ e n[aa ' +lm( - ai)] 

(2.11) 5 = (2n) m+n -( p+q V 2 e q - m ~ n ^ . 

■Q ^ a .^Rc(a,)-l/2 e -Rc(a I )j ^Pj+^iPj)] 

i=i i=i 

Proof. By virtue of (2.1), we have, for a variable s = t + 2<r and a complex constant 
k = c + id, 

(2.12) |r(s + k)\ ~ v^rt t+c_1/2 e- (t+c) (t -> +oo) 
and 

(2.13) |r(s + fc)| ~ v^j £| * +c_1/2 e-^ +c ) e-^^^ (i -> -oo). 
Substituting these estimates into (1.2) and using (1.3) to (1.5), we obtain (2.8) and (2.10). 

Remark 2. The asymptotic estimate of the function < K™ , ™(s) at infinity on lines par- 
allel to the imaginary axis < K^(a+it) as \t\ — > oo was given in our paper with Shlapakov [5]. 

By appealing to Lemma 2, we give conditions of the existence of the if-function (1.1) 
with the contour £ being chosen as indicated in (a) and (b) in Section 1. 

Theorem 1. Let A, 5 and \i be given by (1.3) to (1.5). Then the function H™^ n (z) 
defined by (1.1) and (1.2) exists in the following cases: 



(2.14) 


£ = 


£ — OO) 


A > 0, 


z^O; 


(2.15) 


£ = 


£-00) 


A = 0, 


< |*| < 5;labell.2.15 


(2.16) 


£ = 


£-00) 


A = 0, 


\z\ = 5, Re(/i) < — 1; 


(2.17) 


£ = 


£+00) 


A < 0, 




(2.18) 


£ = 


£+00) 


A = 0, 


\z\ > 5; 


(2.19) 


£ = 


£+00) 


A = 0, 


\z\ = 5, Re(/x) < -1. 



Proof. Let us first consider the case (a) for which A ^ and £ = £_oo. We have to 
investigate the convergence of the integral (1.1) on the lines 

(2.20) h = {teR:t + i(pi} and l 2 = {t G R : t + iip 2 } for y x < ip 2 

as t — > — oo. According to (2.10), we have the following asymptotic estimate for the integrand 
of (1.1): 

/ \ A|t| /, ,n 1*1 

(2.21) l^^^l-S^^M^J r-fj \t\ Re ^ (t^-oo;teli(i = l,2)), 
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where B 1 and B 2 are given by (2.11) with a being replaced by ipi and ip 2 , respectively. It 
follows from (2.21) that the integral (1.1) is convergent if and only if one of the conditions 
in (2.14) to (2.16) is satisfied. 

In the case (b), A ^ and the contour £ is taken to be £ +00 . Then we have to investigate 
the convergence of the integral (1.1) on the lines h and / 2 in (2.20), as t — > +oo. By virtue 
of (2.8) and (2.9), we have the asymptotic estimate: 

(2.22) \K^{s)z' s \ ~ Ae^ arg2 (|) A< (J^J t KcM (t -> +oo; t G k (i = 1,2)), 

where Ai and A 2 are given by (2.9) with a being replaced by ipi and </?2, respectively. Thus 

(2.22) implies that the integral (1.1) converges if and only if one of the conditions in (2.17) 
to (2.19) holds. 

Corollary 1. The estimate (2.21) holds for t — > — oo uniformly on sets which have a 
positive distance to the points 

(2.23) bjl = -h+l (j = l,..., m; I e No). 

Pj 

and do not contain points to the right of £_oo. 

The estimate (2.22) holds for t — > +oo uniformly on sets which have a positive distance 
to the points 

(2.24) a ik = 1 - ai + k (i = l,-,n;fceNo). 
and do not contain points to the left of £ +00 - 

Remark 3. The conditions for the existence of the if-function (1.1) 

n p m q 

(2.25) 5>i- «i + E/5i- E /?i ^ 0, Re(/i)<0 

j=l i=n+l j=l j=m+l 

given in [11, Section 8.3.1] in the cases when £ = £_oo, A = 0, \z\ = 5 ([8, Section 8.3.1.3)]) 
and £ = £ +oc , A = 0, \z\ = S ([8, Section 8.3.1.4)]) can be replaced by the condition 

(2.26) Re(fi) < -1. 



The following statement follows from Theorem 1, Corollary 1 and the theory of residues. 

Theorem 2. (A) If the conditions in (1.6), and (2.14) or (2.15) are satisfied, then the 
H -function (1.1) is an analytic function of z in the corresponding domain indicated in (2.14) 
or (2.15), and 

m oo 

(2.27) H£»(z) =EE R fW s ) z "1' 

j=l 1=0 S ~^ 1 
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where bji are given in (2.23). 

(B) If the conditions in (1.6), and (2.17) or (2.18) are satisfied, then the H-function 
(1.1) is an analytic function of z in the corresponding domain indicated in (2.17) or (2.18), 
and 

n oo 

(2.28) H^{z) = -EE.RflWI- 

i=l fc=0 

where are given in (2.24). 

Remark 4. The first assertion of Theorem 2 was proved in [1, p. 278, Theorem 1] for 
the if-function represented by the integral obtained from (1.1) and (1.2) after replacing s 
by — s. The proof of Theorem 1 in [1] is complicated and based on Lemma 2 there in which 
the asymptotic estimate at infinity of the functions h (s) defined by 

v 

n r (! - a i+ a i s ) 

(2.29) ho(8) = ^ 

n r(i - b s + M 

3=1 

is given. But our proof of Theorem 2 along the ideas of [1] is more simple and is based on 
the asymptotic estimate of 'K^(s) at infinity given in Lemma 2. 



3. Explicit Power Series Expansions 

In this section we apply Theorem 2 to obtain explicit power series expansions of the 
ii-function (1.1) under the condition (1.6) in the case of (1.7) or (1.8). 

First we consider the former case. By Theorem 2(A), we have to evaluate the residues of 
< K{s)z^ s at the points s = bji given in (2.23), where and in what follows we simplify < K£ , ™(s) 
by !K(s). To evaluate these residues we use the property of the Gamma-function [6, (3.30)], 
that is, in a neighbourhood of the poles z = —k (k G No) the Gamma-function T(z) can be 
expanded in powers of z + k = e 

(3.1) T (z) = ^^[l + e^(l + k) + 0(e 2 )}, where ^{z) ''' U) 



k\e y ' S1 rw T{z) 

Since the poles bji are simple, i.e., the conditions in (1.7) hold, 

(3.2) Respi(s)z- S ] = h*z- b > 1 (j = 1, • • • ,m; I G No), 

s=b jt 

where 

(3.3) h) { = Urn [{ 8 - b fl )K{ 8 )] 

(-I)* l/^-^'Drt 1 -^ 1 ^"!) 

W ' nrLfe + ig) n r(i-6 j + fe + (]|) 

i=n+l \ Pi J i=m+l \ Pi J 
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Thus we obtain 



Theorem 3. Let the conditions in (1.6) and (1.7) be satisfied and let either A > 0, z ^ 
or A = 0, < \z\ < 5. Then the H -function (1.1) has the power series expansion 

m oo 

(3.4) 0) = EE^ M/ft . 

j'=i «=o 

where the constants h* ; are given by (3.3). 

Corollary 2. If the conditions in (1.6) and (1.7) are satisfied and A ^ 0, then (3.4) 
gives the asymptotic expansion of H™^ n (z) near zero and the main terms of this asymptotic 
formula have the form: 



(3.5) H£f(z) = ]T [h*z b ^& + O (z< b ' +1 >/ft)] (z -> 0), 

where 



3=1 



(3.6) h* ee h* = 



'"'" ft nr(^)nr(i-^ 

i=n+l \ / i=m+l \ 



Corollary 3. Let the conditions in (1.6) and (1.7) be satished, and let A ^ and 

jo (1 ^ jo = m ) be an integer such that 



(3.7) 



030 



mm 

l<j = m 



Re{bj 



Then there holds the asymptotic estimate: 

(3.8) H™f(z) = h* jo z b io/h + o (z b *> /(> *>) -> 0), 

where h* is given by (3.6) with j = j . In particular, 



(3.9) 



(z — > 0) with p = min 

1 <j 



ft 



Now we consider the case (1.8) when the poles of the Gamma-functions T(l— a — ojjs) (i = 
1, • • • ,n) are simple. By (3.1), evaluating the residues of < K(s)z~ s at the points given in 
(2.24) we have similarly to the previous argument that 

(3.10) Res pi(s)z~ s ] = -h ik z~ aik (i = 1, • • • , n; k € N ), 
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where a ik are given by (2.24) and 
(3.11) /i ifc = lim [-(s - a ik )%(s)] 



s^a ik 



f\ T ( bj + [l^a i + k ]fk) TT rfl- % -[l-a, + A;]^ 
= (~l) fc M V a »/iij/i V ^_ 

^ fl r(fl i + [i-a i + fc]^i) f[ r(i-6 i -[i-a i + fc]^)' 

Thus from Theorem 2(B) we have 

Theorem 4. Let the conditions in (1.6) and (1.8) be satisfied and let either A < 0,2 ^ 
or A = 0, |z| > 5. Then the H-function (1.1) has the power series expansion 

n oo 

(3.12) = ]T x: fci*^-*- 1 ^, 

i=l k=0 

where the constants hik are given by (3.11). 

Corollary 4. If the conditions in (1.6) and (1.8) are satisfied and A < 0, then (3.12) 
gives the asymptotic expansion of H™^ n (z) near infnity and the main terms of this asymptotic 
formula have the form: 

n 

(3.13) H™> n (z) = [hiz {a *- 1)/a > + O (z^- 2)/ai )] (\z\ -> oo), 

i=i 

where 

t) n Q 



nrk-k-ip n r(i-a i + [a i -i]^) 

(3.14) h^h l0 1 - V n ' y — 



a * f[ r(a 3 -[a,-if) n rfi-^ + fe-i^ 



j'=ra+l x a »' j=m+l V 



Corollary 5. Let the conditions in (1.6) and (1.8) be satisfied, and let A < and 

«o (1 ^ «o = n ) be an integer such that 



(3.15) 



Re(a io ) - 1 



a 
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= max 

l<i<n 



Re(aj) — 1 



ft; 



Then there holds the asymptotic estimate: 

(3.16) # P TW = ^o^ K ~ 1)Mo + o (z (a ^ 1)/ft, «) (|^| -> oo), 

where hi is given by (3.14) with i — i . In particular, 

(3 17) um,n(„\ _ r\(~Q\ (\~\ . „ r ; 4-U „„ Re(Oj) - 1 



H™> n (z) = 0(z e ) (\z\ -> oo) wi th g = max 
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Remark 5. The relations (3.4) and (3.12) are given in [12, (2.2.4) and (2.2.7)} and [11, 
8.3.2.3 and 8.3.2.4]. 



4. Explicit Power-Logarithmic Series Expansions 

Now let us discuss the case when the condition (1.6) holds, but (1.7) or (1.8) is violated: 

(e) £ = £_oo, A ^ and some poles of the 
Gamma-functions F(bj + fys) (j = 1, • • • , m) coincide. 

(f) £ = £ +00) A ^ and some poles of the Gamma-functions F(l — a— a^s) (i — 1, • • • , n) 
coincide. 

First we consider the case (e). Let b = bji be one of points (2.23) for which some poles 
of the Gamma- functions F(bj + fys) (j = 1, • • • , m) coincide and N* = N* h be order of this 
pole. It means that there exist ji, • • • ,Jn* £ {1, • • • , m } and l^, ■ ■ ■ , lj N , G N such that 

(4.1) b = b 5l = - b J±±li±. = ■■■ = Ji»* +l i»\ 

Pji Pj N * 

Then "K(s)z~ s has the pole of order N* at b and hence 

(4.2) Res[H(s)z- s ] = 1} , Em[(« - ft)^*)*-']^" 1 '. 
We denote 

Jn* 1-f(Q) 

(4.3) Mi( S ) = (s - br n nh + m, «3w = 73 — - — • 



Jn* 



n r ^ + m 

Using the Leibniz rule, we have 

N*-l 

[(s - b) N *X(s)z- s ]( N *-V = N * ~ 1 choosen[K\(s)} iN *~ l - n) [J€ 2 (s)z 



n=0 

E 1 ( N * " [^W]^- 1 -" 5 E (?) (-1) W)]<»-V'po g *r 

n=0 \ U / i=0 W 



i=0 k n=i 

Substituting this into (4.2), we obtain 



n \i 



N*. — 1 



(4.4) ReepC^)*-] = ^+*>/ft ]T fl^pogz]', 
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where 

(4.5) H* u = H* u (N*i, bji) 

In particular, if I = and i = N* - 1, then by setting N* = N* and from (3.1), (4.1) 
and (4.3), we have 

(4.6) H* = //: . v ; , ( -\;; : b j0 ) = I'i^y, Ml^Kibjo) 

f , , n r (»,-^)nr(i-^ie) 



W - i S Wft. j ft r L _ ^ ft r L _ k + M) ' 

i=n+l V / i=m+l V / 

Tius, in view of Theorem 2(A), we have 

Theorem 5. Let the conditions in (1.6) be satisfied and let either A > 0,2; ^ or 
A = 0, < \z\ < 5. Then the H-function (1.1) has the power-logarithmic series expansion 

(4.7) H%»(z) = E' ^V (6j+0/ft - + E" E HfaW* [log *]\ 

j,i j,/ i=0 

Here X)' a23 d Z)" are summations taken over j,l (j = 1, • • • , m; / = 0, 1, • • •) such that tie 
Gamma- functions T(bj + /3,-s) have simple poles and poles of order N% at the points bji, 
respectively, and the constants h* t are given by (3.3) while the constants H* H are given by 
(4.5). 

Corollary 6. If the conditions in (1.6) are satisfied and A ^ 0, then (4.7) gives the 
asymptotic expansion of H^ n (z) near zero and the main terms of this asymptotic formula 
have the form: 



(4.8) H£f(z) = E' [h*z bj/f5j + 0(zto +1 Vb) 



3=1 

m 



+ E" (Hjzfi^ogz]";- 1 + 0(z^ +1 Vh [log zfl- 1 )) (z - 0). 

3=1 

Here J2' and J2" are summations taken over j (j — 1, • • • , m) such that the Gamma-functions 
T(bj + Pjs) have simple poles and poles of order N* = N* at the points bj , respectively, 
and h* are given by (3.6) while H* are given by (4.6). 
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Corollary 7. Let the conditions in (1.6) be satisfied, and let A ^ and bj t be poles 
of the Gamma-functions F(bj + fys) (j = 1, • • • , m). Let j 01 and j 02 (1 ^ joi,jo2 = m ) be 
integers such that 



(4.9) 



.All 



mm 

1 <j 



ft- 



when tie poles bji (j = 1, ■ ■ ■ ,m;l E N ) are simple, and 



(4.10) 



when the poles 6^ (j 



Re(6 



mm 

1 <j 



Re(6 j 



, m; / G Nq) coincide. 



a) If j 01 < jo2, then the asymptotic expansion of the H -function has the form: 
(4.11) H™ q n (z) = h* oi zW&oi + o (/WAoi) ( z _> 0), 

where h* () is given by (3.6) with j = j i- In particular, the relation (3.9) holds. 

b) If joi = jo2 and &j 02 ,o has the pole of order N* Q2 , then the first term in asymptotic 
expansion of the H -function has the form: 



(4.12) 



#* o2 zW&o2 [log(^)] iV ^- 1 + o (z b ™/to<a [\og(z)} N ^~^ ( z -> 0), 



where if* 02 is given by (4.6) with j = j 02 . Jn particular, if N* is the largest order of general 
poles of Gamma-functions T(bj + (3js) (j = 1, • • • , m), then 



(4.13) #^ n (*) = ( zP [ l °S(z)] N *) (z -> 0) with p = min 

1 _j — yn. 



Re(6 j 



iVow we consider the case (f). Let a = a>ik be one of points (2.24) for which some poles 
of r(l — a,i — «js) coincide and N = be order of this pole. It means that there exist 
i\, ■ • ■ ,in £ {1, • • • , n} and k^, ■ • • , k iN G N such that 



(4.14) 



d — O-ik = 



1 cijj + k n 



1 a irj "I" ^ 



a,- 



ft 



IN 



Then the integrand ( K(s)z s of the integral (1.1) has the pole of order N at a. Similarly to 
(4.3), we denote 



(4.15) 



i N 



H^s) = (s- af J] r(l - a t - a t s), X 2 (s) = 



JC(s) 



in 



i=i\ 



Y[ r(i -ai- «js) 
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and, then, find similarly to (4.4) and (4.5) that 

N ik -1 

Ms)z- S ] = 

s=a ik 



(4.16) Res[-K(s)z' s } = z^- 1 - k ^^ ]T H ikj [log(z)] j , 

j=0 



where 

(4.17) H ik j = H ikj (N ik ; a ik ) 

-p^{s ,( - i K^"%>* Mi< ^ , ^ )|, "" fl 

In particular, if we set k = 0, j = N i0 — 1 and N i0 = iVj, then, using (4.15) and (3.1), we 
have 

_ (-l)^- 1 (-l)^" 1 

(4.18) Hi = Hi^N.^Ni, a i0 ) = ^—^^1(^0)^2(^0) = ^ _ ^, 

v flr^ + t 1 -^]-! ft rfl-a.-fl-a^ 



X 



n 



/A '' n '" ; n T L + [1 - a t ]^>) n r(l-^-[l-a^ 

j=n+l V j=m+l \ a i 

Therefore, Theorem 2(B) implies the similar result to Theorem 5: 



Theorem 6. Let the conditions in (1.6) be satisfied and let either A < 0,z 7^ or 
A = 0, 1 z I > 5. Then the H -function (1.1) has the power-logarithmic series expansion 



N ik -1 



(4.19) H^\z) = Y! hazto- 1 -™* + £" £ ^jy^-'-^pog^)]'- 

i,k i,k j=0 

Here J2' an d J2" are summations taken over i,k (i = l,---,n; k = 0, 1, • • •) such that 
Gamma-functions T(l — a; L — ol^s) have simple poles and poles of order N ik at the points a ik , 
respectively, and the constants h ik are given by (3.11) while the constants H ik j are given by 
(4.17). 

Corollary 8. If the conditions in (1.6) are satisfied and A ^ 0, then (4.19) gives the 
asymptotic expansion of H™^ n (z) near infinity and the main terms of this asymptotic formula 
have the form: 

n 

(4.20) H™ q n {z) = Y! [hiz^- 1)/ai + 0{z^- 2),a <) 

i=i 

n 

+ (tf^-^flog^)]^- 1 + 0(z^- 2)/ ^[\ogz\ N ^ 1 )) {\z\ -> 00). 
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Here J2' &nd J2" are summations taken over i (i — 1, • • • , n) such that the Gamma-functions 
T(l — Oj — oiis) have simple poles and poles of order fVj = N i0 in the points a i0 in (2.24), 
respectively, and hi are given by (3.14) while Hi are given by (4.18). 

Corollary 9. Let the conditions in (1.6) be satisfied, and let A ^ and a ik be poles 
of the Gamma-function T(l — — Ojs) (i = 1, • • ■ ,n). Let i i and i 02 (1 ^ ioi,io2 = n ) be 
integers such that 

Re(aj) — 1 

Oii J ' 

when the poles a ik (i — 1, • • • , n; k — 0, 1, • • •) are simple, and 

Re(aj) — 1 

OLi J ' 

when the poles (i — 1, • • • , n; k e N ) coincide. 

(a) Jf « i < ^02, then the asymptotic expansion of the H -function has the form: 

(4.23) tfpTW = ^oi^ Kl " 1)Mo1 + o (z^- l)/a ^) {\z\ -> inf ty), 

where hj 01 is given by (3.14) with « = ioi- In particular, the relation (3.17) holds. 

(b) If i i ^ i 02 and aj 02i o has the pole of order N io2 , then the asymptotic expansion of 
the H -function has the form: 

(4.24) H™ q n (z) = if^Ka- 1 )/"™ [hgz]^- 1 + o ^K» 2 - 1 )Mo2 [log^)]^" 1 ) (|z| -> oo), 

where ifj 02 is given by (4.18) with i — i 02 . In particular, if N is the smallest order of general 
poles of Gamma-functions T(l — aj — c^s) (i = 1, • • • , n), then 

(4.25) ^"(z) = O (z e [\og(z)] N ) (\z\ -> oo) with = min 



(4.21) ^KJ-1 = max 



i<j< 



(4.22) Re( ^ ) ~ 1 = max 



Re(oi) - 1 



In conclusion, we give the following consequence of Corollaries 3, 5, 7 and 9, which unifies 
the power and power-logarithmic asymptotic behavior of H™^ n (z) near zero and infinity. 

Theorem 7. Let the conditions in (1.6) be satisfied. 

(a) If A ^ and the poies of the Gamma- function T(bj +/3js) (j = 1, • • • , m) are simple, 
then the H-function (1.3) has the asymptotic estimate (3.9) at zero. If some of poles of 
F(bj + fas) (j = 1, ■ ■ ■ ,m) coincide, then H™>™(z) has the asymptotic estimate either (3.9) 
or (4.13) at zero. 

(b) If A ^ and the poies of the Gamma-function T(l — Oj — o^s) (i = 1, • • • , n) are 
simple, then the H-function (1.3) has the asymptotic estimate (3.17) at infinity. If some of 
poles of T(l — ^ — Ojs) (i = 1, • • • ,n) coincide, then H™£(z) has the asymptotic estimate 
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(3.17) or (4.25) at infinity. 



Remark 6. The power-logarithmic expansions and more complicated results than in 
(4.7) were indicated in [9, Section 3.7] (see also [8, Section 5.8]) and the particular cases 
H$(z) and H$(z) in [7]. 
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